SOME EXISTENCE AND REGULARITY RESULTS FOR POROUS MEDIA AND 
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Abstract. In this paper we consider the problem 

( Ut- Am™ = I Vu|9 + f{x, t), u > in f^T = n X (0, T), 
(P) u{x,t) = on9Qx{0,T) 

u{x,0) = uo(x), X £ fl 

where Q C , N > 2, is a bounded regular domain, 1 < g < 2, and / > 0, no > are in a suitable 
class of functions. 

We obtain some results for elliptic-parabolic problems with measure data related to problem (P) 
that we use to study the existence of solutions to problem (P) according with the values of the 
parameters q and m. 



To the memory of Juan Antonio Aguilar, our dearest friend. 
1. Introduction 
In this paper we will study the problem, 

( ut-Au''' ^ |Vu|9 + w > in 17t = r2 X (0,T), 

(1) < u{x,t) = ona^^x(0,r) 

[ u(a;, 0) = Uf){x)^ x€^l 

where VL C , iV > 1, is a bounded regular domain, m > 0, 1 < g < 2, and / > 0, uq > are in a 
suitable class of functions. If m > 1, problem (1) is a model of growth in a porous medium, see for 
instance [5]. 

We refer to the fundamental monograph by J.L. Vazquez, [25], and the references therein for 
the basic results about Porous Media Equations (PME) and Fast Diffusion Equation (FDE) without 
gradient term. In [7] can be seen a optimal existence result for the Cauchy problem for the homogeneous 
(PME). 

In this work we are interested in the existence and regularity of solutions to Problem (1) related 
to the parameters q and m. Some results were obtained in [17], [19], for q ^ 2 and bounded data. 
One of the main new features of this paper is to study general class of data according to the values of 
the parameters in the problems. This study is in some way motivated by the reference [2], where the 
stationary problem is analyzed. 

A pertinent formal remark is the following: 

The equation Ut — Au"* = /j,, after the change v ~ becomes 

b{v)t — Av ~ fj, with b{s) = s~ . 

The last formulation usually is known in the literature as elliptic-parabolic equation. References for 
problems related to these equations are [3], [8], [9] [11], [14], [15] and [24] among others. 

We will study the elliptic-parabolic problems with n a bounded Radon measure, which is the 
natural data in the application to the analysis of problem (1). 

°MSC2000, American Mathematical Society, 35D05, 35D10, 35J20, 35J25, 35J70. 
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The strategy that we follow in this work can be summarized in the following points. 

(1) We consider approximated problems that kill the degeneration or the singularity in the princi- 
pal part ((PME) or (FDE) respectively) and truncating the first order term in the right hand 
side. With respect to these approximated problems, the existence of a solution follows using 
the well known results obtained in [12]. Here the natural setting is to find a weak solution 
in the sense of Definition 2.2 (where is formulated for the corresponding elliptic-parabolic 
equation) . 

(2) We obtain uniform estimates of the solution of the approximated problems in such a way that 
the first order part in the second member is uniformly bounded in L^{flT)- 

(3) The previous step motivates the study of a problem with measure data. To have more fiexibility 
in the calculation we consider the corresponding formulation as elliptic-parabolic equation and 
looking for a reachable solution in the sense of Definition 2.4. One of the new features in this 
work, is the proof of the almost everywhere convergence of the gradient of the solutions of the 
approximated problems. 

(4) The final step is to use the uniform estimates and the a.e. convergence of the gradients to 
prove that, up to a subsequence, the second members of the approximated problems converge 
strongly in Ll^^{rtT)- That is, we find a distributional solution 

The organization of the paper is as follows. In Section 2, we prove the existence of reachable solutions 
for a class of elliptic-parabolic problem with measure data, including the corresponding cases to the 
(PME) and (FDE). To obtain the existence of reachable solutions, we show some a priori estimates 
for the solutions of the truncated problems and the pointwise convergence of the gradients, that allow 
us to conclude. In the last part of Section 2, as an application, we find existence of solution for the 
porous media and fast diffusion equations with a Radon measure data. A key point is the proof of a.e. 
convergence of the gradients, which will be used in the next section. It is worthy to point out that 
these results improve in some way the ones obtained in [23] for to > 1, and give a proof for the (FDE) 
with measure data. 

Section 3 deals with the (PME) with a gradient term. We use the strategy describe above. In 
the first part of the section we get the existence results for the interval 1 < to < 2. The main result 
in this case is Theorem 3.1. In the last part of this section we consider the complementary interval 
of TO, that is, TO > 2. In this case we are able to prove the existence of a solution with L^{nT) data. 
This result is the content of Theorem 3.3. 

In the last part of the Section 3, we point out the particular behavior of the case p = 2, to = 2. 
Indeed, if the source term / = 0, via a change of variable, we show that it is equivalent to a (PME) 
equation with to = |. As a consequence, we obtain in this case the finite speed of propagation property, 
and also a selfsimilar solution with compact support in each fixed positive time. 

Finally, in Section 4 we analyze the fast diffusion equation, i.e. < to < 1, with a convenient 
hypothesis of integrability of the source term. The main result of this section is Theorem 4.1. We also 
prove Theorem 4.3 that gives us the finite extinction time property of regular solution (see Definition 
4.2) if < TO < 1 and 9 = 2. 

We have tried to write the paper in an almost self-contained form, moreover we give precise 
references for all the points that are not detailed in the work. 

In a forthcoming paper we will obtain some results of non- uniqueness for quadratic growth therm. 
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2. Some results for an elliptic-parabolic PROBLEM WITH MEASURE DATA 
We will consider the general problem 

{{b{v))^ -Av = fi in X (0,T), 

v{x,t) = ondnx{0,T), 
b{v{x,0)) = b{vo{x)) inil, 

where b : M ^ IR is continuous strictly increasing function such that 6(0) = 0, b{vo) G 

/ £ L°°(f2T) and /i is a Radon measure whose total variation is finite in ftr- Wc will assume the 

following hypotheses on b: 

(Bl) There exists ai > such that 6(s) > Cs^^ for s >> 1, 

{B2) There exists 02 < 1 such that \b'{s)\ < — for s « 1, 

(^)<l N-1 

{B3) There exits 03 e ( — — — , 1) such that 

Eithr b' e C([0,cx3)) and \b'{s)\b^''^-\s) < s^^t^-^ as s ^ 00 or \b'{s)\ < b^-^^^-^s) as s cx). 
Remark 2.1. The following examples of b will be considered in this work. 

(1) b{s) = (s + - ifs>0, for some a > and I < n < 00 ; 



G"^^^H'{a)d(J, where 



(2) b{s)^- riH-\a))^-'da = - f 
m Jo m Jq 

H{s) ^ -s^ if m = 2, H{s) e^^T^^dt i/ < m < 2. 
5 Jo 

For /i £ L°°{ilT) and b{vo) G i°°(r2), we mean a solution in the sense of the following definition. 

Definition 2.2. Assume that fi e L°°((0,T) : L°°{n)) and b{vo) G L°°{n). We say that v is a weak 
solution to (2) if 

(1) V G L2((o,r));<'2(r!))nL-((0,T);L-(n)), 

(2) The function b{v) G C((0, T); for all q < 00, 

(3) {b{v)),&L'iiO,T);W-''^m). 

And for every (p G L^{{0, T); WQ^'^(f2)) t/ie following identity holds, 
(3) r {Kv)u4>) + 1 1 V«-V0= // 



The following result is well known 



Theorem 2.3. Assuming fi G L°°{{0,T); L°°{il)) and 6(uo) G L°°(r2), there exists a unique weak 
solution to problem (2) in the sense of Definition 2.2. 

The proof of Theorem 2.3 follows closely the argument developed in [3] and [15]. 
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2.1. Reachable solutions. We now introduce the notion of solution for problem (2) natural to 
consider measure data. For elliptic equations this notion was introduced in [18]. We refer to [16] for 
the parabolic equation. See also [1] for some particular cases. 

In the case oi fi G L^{rtT), the renormalized solution is studied in [11]. We give a complete analysis 
under the (B) conditions in order to obtain some regularity on spatial gradient of the solutions. 

Definition 2.4. Assume that fi is a Radon measure whose total variation is finite in ^It and b(vo) £ 

L\n). 

We say that v is a reachable solution to (2) if 

(1) n{v) e L2((o^t). for all k > 0. 

(2) For all t > there exist both one-side limits limT_^(± b{v{-,T)) weakly-* in the sense of mea- 
sures. 

(3) b{v{-,t)) — > fe(wo(')) weakly-* in the sense of measures as t — > 0. 

(4) There exist three sequences {w„}„ in L'^{{0,T);Wo-'^{n)), {/i„}„ in L°°{{0,T); L°°{n)) and 
{gn}n in L°°(n) such that if Vn is the weak solution to problem 

f {b{vn))^-Avn = h„ m r!x(0,T), 

(4) \ Vn{x,t) = ondnx{0,T), 

[ Vn{x,0) = b^'^{gn{x)) in^l, 

then 

(a) 5„ -> 6(vo) in L^{il). 

(b) hn-^fi as measures. 

(c) Vw„ ^ Vw strongly in L'^((0,Ty, L''(n)) for 1 < a < :^I±^. 

A* + fli 

(d) The sequence is bounded in L°°{{0,T); L^{fl)) and b{vn) b(v) strongly in 

L\nT). 

To prove the existence of a reachable solution, we need the following Lemma whose proof can be 
obtained by approximation. 



M is a locally Lipschitz-continuous function such that (f)(0) = 0. Then, if we define 



Lemma 2.5. Letv G L^{0,T;WQ'^{n)) satisfy b{v)t G L'^' {0,T;W-'^'^' (n)). Assume that (j){s) : M 



(5) $(5)= / b'{a)<jyia)da, 

Jo 

the following integration by parts formula holds: 

(6) ^ (o)^vKoi.2(j^^ dt ^ j^^ t2)) f^^- ti)) dx , 

for every < ti < ^2 • 

We will now prove the existence of a reachable solution to Problem (4). 
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2.2. Some a priori estimates. Let us consider the following approximating problems: 

{b{vn)t - Aw„ = hn, {x,t) G Ot, 

v„{x,t) = 0, {x,t)€dnxiO,T), 
Vnix,0) = b^^{gn{x)), xefl, 

where gn — > b{vo) strongly in L^(f2) and hn — > /i in the weak-* sense in ilx- The existence of weak 
solutions to these problems follows from Theorem 2.3. 
Let us begin by proving the next proposition. 

Proposition 2.6. Let {vn}n be a sequence of solutions of the approximate problems (7). Then 

(1) For each < /3 < i, the sequence {(|wn| + 1)^ — l}n is bounded in L^(0, T; WQ^'^(f2)) 

(2) The sequence {b(vn)}n is bounded in the space L°°(0, T; L^(f2)) and {{b{vn))t]n is bounded in 
L^{nT) + L''{Q,T-W-^^''{n)), for some ct > 1. 

Moreover, 

(8) / / a-1 < C for all a > 0. 

Furthermore, the sequence {|V?;„|}„ is bounded in the Marcinkiewicz spaces M'(f2j') where q = 
^^+aT'* '^^'^ {^n}n is bounded in the space M'^(Qt) where a = ^^^""^ ■ 

Proof. Take (\){yn) = Tfc(u„) in Lemma 2.5, with fc > 0, as test function in the weak formulation of 
(7), then 

(9) / $feK(x,t))da;~ / ^u{b-\g^{x)))dx+ [[ iVThMl"" < kliiUQr) , 



where <&fc(s) = Jq Tkicr) b' {a) da which is a nonnegative function. Since $fe(s) < k\b{s)\, it follows 
from (9) that 



(10) \^k{Vn{x,t))\dx+ \yTk{Vn)V<ck [l + \b{Vn)\) + ck . 

Now, dropping a nonnegative term, dividing by k and letting k go to 0, it yields 

\b{vn{x,t))\dx < c \b{vn)\+c. 

J JflT 

Thus, Gronwall's Lemma implies that 



(11) sup / \b{vn{x,t))\dx < C. 
Moreover, going back to (10) we get 

(12) // |vrfc(«„)p <cfc. 
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In order to prove the next estimate, we define 9{s) = (l — (1 + \s\) ") , with < a, and we take 
9{vn) as test function in the approximating problems. There results, 

(13) J Q{vn{T))dx^ j Q{b-\gn))dx + a JJ^^ (i + ^ H^^ll' 



where 0(s) = b'{a) 9{a) da. Hence 

|VW„|2 



< C for all a > 



and then {(|w„| + 1)^ - 1}„ is bounded in L'^{0, T; Wo''^{n)) for all < /3 < i. 

To get the estimates on the Marcinkicwicz spaces, we follow closely the arguments in [6], see also 

[4]. 

From hypothesis (Bl), we obtain that b{s) > Cis^^ — C for all s > 0. By using again (11) we 
get the existence of a positive constant C such that, 

C 

(14) \{x en : \vnix,t)\ > k}\ < — for almost all t € [0,T] , all > and all n € N. 
Thus, by Sobolev's inequality and (12), 

(15) \Mx,t)\ > k}\f'' dt < I" ^ mM^,mi: y'' 

<C r \\^TMx,ml ^^^C fo,aUfc>OandanneW. 
Jq k k 

Therefore, combining (15) and (14) we obtain, for all A; > and all n G W, 

\{{x,t) e : \Vn{x,t)\ > k}\ 



{\{xen : \vnix,t)\ > k}\) ^' '{\{xen |i;„(a;,t)| > fc}|)^ dt < 



W + 2a 

k N 



A similar estimate for the gradients is now easy to obtain. Indeed, for every h,k > 0, we have 
\{{x,t) e rtT : \Vvn{x,t)\ > h}\ 

< \{ix,t) e Qt ■■ \vnix,t)\ > k}\ + \{{x,t) G riT : \\7mv„{x,t))\ > h}\ 
C rr |VTfe(z;„)|2 C ^ Ck 



k N JJUt " k N n- 

N 

Minimizing in fc, we obtain that for k = , 

C 

(17) \{{x,t) e VtT : \Vvn{x,t)\ >h]\< for all /i > and all n e W . 

Hence, 

N + 2ai 

N + 2ai 

iV + ai 



(18) // \vn\''<C foraU0</9< 

(19) // |Vw„r<C forallO<r< 



POROUS MEDIA EQUATION 



From equations (7) we obtain, {{b{vn))^}n is bounded in L^{flT) + L'^iO, T; W ^■'^(fl)) for some a > 



N+2a 



-. Consider n such that 

ai ^ 

(20) -Ag =lmn, ge W^'^in). 

We claim that for all < (5 < minjl, — |, 



(21) 



/ / — ^ ttttt£' < C* uniformly in n. 

To prove the claim we define K{s) = f — ^-^^^da. Using (B2) we get easily that K{vn) is well 
defined, K{0) = and 

(22) sup / K{vn{x,t))gdx < C, 



t<£[o,T] Jn 

- as a tpst fimctinn 



Using ^ as a test function in (7), it follows that 



1 



1-5 



K{vnix,T))gdx + - // {v„ + -y-^ - {-y-^ i-Ag) 



n n 



Since < (5 < 1, then using (18), we get 
1 



n n 



< C uniformely in n. 



1-5 

As a consequence, and by (22), 

(23) // , e<Ci uniformly in 71. 

In particular the claim follows. 

In the same way, using 1 — --- — -j, where < (5, as a test function in (7), it follows that 

(24) sup / b(vn{x,t)) dx + / / --- — , , ^ < C uniformly in n. 

t€[o,T]Jn Jo >/ {b[Vn) + 1)'-+^ 

To finish we have just to prove that 

(25) b{vn) b{v) strongly in L'^inr). 

Notice that ||&(vri)llLi(nT) — ^ b{vn) b{v) e.a in fix- 

If b{s) < Cs ^ ^ for some e > 0, as s — > oo, then using (18) and by Vitali's lemma we reach 
the strong convergence in (25). 
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Assume that the condition B3 holds, let Wn = {b{vn) + 1)'^, where /? < 1 to be chosen later, then 
Wn\\L^{o,T:L^n)) < C and Vw„ = pb' {vn){b{vn) + lY~^Vvn- Thus, for (5 > 0, we have 

\y^n\ = b'M{bM + l)^-^\\/Vn\^l3 ff b'M{bM + lf-^ A±l 

1« /■/■ b'{v^)\VVn? , 1 



2f}+S-l 



From (24), we obtain that 

Now, if the first condition in ,63 holds, then choosing 5 small enough and /3 = 03, we reach that 
b'{s){b{s) + l)2^5+'5-i < Cis^^^-^ as s ^ 00 for some e > 0. 

Thus 

b'{vn){b{vn) + < C Uniformly in n. 

If the second condition in in ,63 holds, with the same chose of /3 and for for 5 small, 

b'{s){b{s) + l)2^+«-i < 6i-^(s) as s ^ 00, 

and hence 

- // 6'(u„)(6(w,i) + < C uniformly in n. 

Therefore, we conclude that ||u'„||x,i(o,T;ivi'io(f2)) ^ for all n. Hence, using the Gagliardo- 
Nirenberg inequality we conclude that ||wn|| w < C. 

Since Pjfz^ > 1, then {6(u„)}„ is bounded in L^^'^{D,t) for some e > 0. Hence, using Vi- 
tali's lemma, we obtain that the sequence is compact in L^(f2T) and so we may extract a 

subsequence (also labelled by n) such that 6(u„) — > b{v) strongly in L^{^}t)- ■ 

Remark 2.7. If b{s) = (s + - (tiT ' ^^^^ 

(1) If < ' """^ P''^ove that the sequence {{b{vn))}n is bounded in L^{0,T;Wl^^{n)). This 
follows using estimates (24). 

(2) If (J < jfZ2' ™6 can prove that the sequence {{b{vn))}n converge strongly in L^(17r). This 
follows using (18). 

2.3. Pointwise convergence of the gradients. In this subsection we prove that up to a subsequence 

Vw„ — >■ Vw, a.e. in ilx as n 00, . 
Hence we will obtain that the sequence {u„}„ satisfies condition (4) (c) in Definition 2.4. 

Proposition 2.8. Consider {v„}„, the solution of the approximated problems (7). Then, up to sub- 
sequence, 

(26) VTfe(w„) VTk{v) almost everywhere in Qt ■ 

As a consequence, Vv„ — J- Vv almost everywhere in ilr- 
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Proof. Wc recall the time-regularization of functions due to Landes and Mustonen (see [21], [22]). 
Consider w such that Tk{w) G L^{id,T : W^ '^iil)) nC([0,r] : L^(r2)). For every e IV, wc define 
{Tkw)u as the solution of the Cauchy problem 



(27) 



-[{Tkw)u\t + {Tkw)u = Tkw; 



iTkw),iO) = Tkiwo). 
Then, one has, (nw), e L\0,T;W^'\n)), {{Tkw),)t G L\0,T;Wo^^\n)), 

\\(Tkw)t,\\L-='-{nT) < \\Tkw\\L'=°(nT) < k, 

and as v goes to infinity, {Tk'w)y — > TkW strongly in L^{0,T; WQ''^{il)). 
From now on, we will denote by uj{n, v, e) any quantity such that 

lim lim sup lim sup \uj{n^ \ — ^ ■ 
Taking T^(b{vn) - {Tk{b{v))„) as test function in (7), we obtain 

{ib{Vn))t,T,{b{Vn) - {Tk{b{v))),)))dt+ [[ VVn-VTe{b{Vn) " {Tk{b{v)),)) 
KT,{b{Vn) ~ {n{b{v))),) 



We will analyze the integrals which appear in the previous equality. For simplicity of typing we set 
Wn = b{vn), w = b{v) and 4' = b~^. 
It is clear that 



hnT,{b{vn) ~ {Tk{b{v))),) <Ce. 



Notice that 



mvn))t , T,{b{vn) - {Tk{b{v))),))) dt= [ (((u.„)t , T,{wn ~ {Tk{w)),))) dt. 
Jo 

Then using the same arguments as in [13] (see also (3.37) in [1]) we reach that 

(28) / ((6(i>„))t,Te(6(t.„)~(Tfe(6(i;))),)))di>c^(n,i.,e). 
We set 

// VVn-VT,{biVn)'iTk{b{v)),)). 

Claim. It holds that 

(29) I> ff ^P'iTkiwn))^Tkiwn)-yT,{Tk{wn)^{Tkw),)+u;'in,i^). 

J J{\w„\<k] 
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Indeed, 



/ = 



> 



w„\<k} 



.|<fc} 



I 'ip'{Wn)yWn ■y{Tkw)y . 

'{\w„\>k, |-u)„-(Tfcto)„|<e} 

Since ||(rfcZ/;)i/||oo < fc, the last integrand is different from zero only in the set where \wn\ < fc + e, 
therefore the last integrand is bounded by 



ci(/c) 



\VTk+eWn 



< C2{k,£) 



\w„\>k} 



|vrfcw|^X{i„i>fe} 



Here we have used the a.e. convergence of ^{\wn\>k} to as n 

(see for instance [13]). 

Therefore, putting together the above estimates, we reach that 



4-CX3, which holds for all k 



(30) 



Thus 



(31) 



V''(Tfc(u;„))Vrfc(u;„) ■ VT,(Tfeii;„ - {Tkw),) 

i>' {wn)VTk{wn) ■VTe(wn - (Tfcw)^) <uj{n,v,e). 



{|u-„|<fc} 



Hence it follows that 

1p' {Tk{Wn))VTk{Wn) ■ V{TkWn - Tkw) X{\niw„)-(nw)^\<e} 

1p' {Tk{Wn))VTk{Wn) ■ V{TkWn - {Tkw)^)x{\Tkiw„)-{nw)^\<e} 
l/j' {Tk{Wn))VTk{Wn) ■ V{{Tkw)^ ~ Tkw)x{\TUw„)-inw)^\<E} 
1p' {Tk{Wn))yTk(Wn) ■ y{TkWn - iTkw)^)x{\Tk(w^)-{Tt,w),A<e} + w(n,l/,£). 

T 

Therefore, by (31) we obtain 



(32) 



2p' {Tk{wn))VTk{wn) ■ V{TkWn - Tkiu) X{\mw„)-(nw)^\<e} < w(n, i^, e) . 
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On the other hand, we have that 

ip' {Tk{wn))VTkW ■ V{TkWn - Tkw)x{\n{w„)-{nw)^\<e} = . 

Indeed, ^' {Tk{wn))S7TkW -> ip' {Tk{w))\7TkW strongly in L^iflr) and VTkWn VTkW weakly 
L'^{^t)- Hence, we deduce from (32) that 

(33) jj ^/{Tkiwn))\\7Tkiw„)-yTkw\^ <io{n,iy,e). 

{\n{w„)^inw)^\<e} 

Denothig ^n,k = i^' {Tk{wn))\VTk{wn)) - VTfcWp, then 



(34) // *„.fc <tj(n,z/,e). 

J J {\Tk(w^)-(Tkw)^\<e} 

Since 

(35) X{|T,.(«,„)-(T,«,)„|>e} X{\Tk(io)-(Tkio)^\>e} Strongly in LP{^t),^P > 1 • 
then using Holder inequality and the fact that is bounded in L^{ilT), we deduce that 

w(n,i/,£) for aU 9 < 1. Since ip'{Tkis)) > c{k){^P' {Tk{s))f , it follows that 



0, 



71— >00 



(36) lim // {i,'{Tk{wnW\VTk{wn)~VTkW 



Hence we get V''(Tfc(w„))VTfc(w„) — > ^' {Tk{w))'VTk{w) e.a in f2 and then 

VV'(Tfc(u;„)) -> V^{Tk{wn)) a.e. in n. 
Using the fact that is a, strictly monotone function we reach 

VTk{wn) VTkiwn) a.e. in il 
and then VTk{vn) — > VTfe(u„) a.e in fi. ■ 

Corollary 2.9. 

(1) Let {wriln be a sequence of solutions of (7), then Vw„ — > Vw strongly in L'^ {^t) for 

(2) From estimate (36), we reach 

(37) VTk{vn) VTk{v) strongly in {^t) for all a < 2. 
Corollary 2.10. The following equality holds 

(38) - / b{vo{x))'^>{x,0)dx ~ ([ 6(u)$t+ // Vw • V$ = // ^ d^l , 



for every $ G C°°(17t), with <I>(-,t) e Co{n) for all t G (0,7) and $(x-,T) for all x^n. 
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2.4. Application to the porous media and fast diffusion equations with a Radon measure. 

The resuhs in the above subsection allow us to consider the problem 

{ut - Au™ = /I in O X (0,r) , 

u{x,t) = ondnx{0,T), 
u{x, 0) = uq{x) in O , 

with m > - — ^ '^^ , Mo G L^(r2) and /i is a Radon measure whose total variation is finite in Q.t- 

In the case of the porous media equation, i.e., m > 1, the existence results are obtained in [23] 

by using some result in [20]. Here we extend the results to the interval - — ^ < m < 10, by 

proving, moreover, the a.e convergence of the gradients of the truncated problems to the gradient of 
the solution of problem (39). Our approach is alternative by using the elliptic-parabolic framework. 
We will consider the approximated form 



(40) 



unt - div(m(M„ + i)™-i Vii„) ^ K in r! X (0, T) , 

UrXx,t) = onaf}x(0,r), 
u„(x,0) = T,i(mo) in 17. 



The main goal of this subsection is to show compactness results for the sequences {|Vm„|}„ and 
{Tk{un)}n including the case - — ^ "^^ < m < 1. 
Define Vn = {un + ^)™ - (^)"', then u„ solves 

vn{x,t) = 0, {x,t) ednx {0,T), 

Vn{x,0) = (P"1(T„(mo(x))), xeil, 

where 6(s) = (s + (i)'")^ - i. 

Theorem 2.11. Consider Vn, the solution to (41) and u„ = b{vn) that solves{AQ). There exists 
a measurable function u such that u"* G L''(0, T; Wg '"^(ri)) for all r < \ + 'Wm+i' ^'^ ^ 

subsequence, 

(1) Vm„ Vu e.a in U,t and then Vw„ —5- Vw e.a in fiy where v = u™. 

(2) Tk{vn) Tk{v) strongly in L''{0, T; W^'^in)) for all k > and for all cr < 2. 

Proof. Since b verifies the condition (B) with ai = ^, then by the results of Corollary 2.9, we obtain 
that 

(1) ViJ„ Vw strongly in the space £'^((0, T); i'^(f})) for all 1 < cr < 1 + j^:^ and 

(2) VTfc(u„) ^ \7Tk{v) strongly in L'^inr) for aU a <2. 
Let ip G C^{ilT) be such that ip > in fix, we claim that 

(42) 1 1 V k{un)\ ^\ uniformely bounded in L^{flT) for some > 0. 

To prove the claim we will consider separately the cases: < m < 1 and m > 1. 
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Let begin by the case < to < 1. Using Tk{un) as a test function in (39), we get 

K + -r^'|vrfeK)l' <c. 

Thus the claim follows with 6 — I — rn > 0. 

ip 1 

We deal now with the case m > 1. Using = , where 6 < — , as a test function in (41) 

n 

we obtain that 
Notice that 

\VTk{Un)\ _ \\7Tk'V„\ 

K + i)''^ («„ + (i)'")-^^- 

Now using (43) we conclude that | j— — ^-tt^V'I is bounded in L^{^lT) for all 9 < 1. Then, the claim 
is proved. 

By similar computation as above, taking j— ^ as a test function in (40) with 8 < 1, we 

[Un + -) 

reach that 



(44) 



Vu„|^ , r f h„ 



i-T— ; ip + 7 TTtV' < C* for all n. 



We will prove the point (1) in the Theorem, that is Vu„ — !■ Vu a.e in fix where u = V"^ . 
To prove this assertion it is sufficient to show that, for some s £ (0, 1), 

(45) J \S7Tkiun) - Vrfc(w)|> ^ as n ^ oo. 

Q 

Consider A = {(x,i) G fly : u{x,t) = 0} = {{x,t) G fir : v{x,t) = 0}. Notice that Vit„ —5- Vu in 
nr \ A. Since VTk{u) = and VTkiv) = in A, then 

(46) // |VTfe(u„)-Vrfc(u)|^V'= // |VTfe(u„)|>+ // \S/n{un)-\/n{u)\'^ 

J JctT JJ{u=0} Jj{u>0} 

Since s < 1 and Vu™ ~> Vw" strongly in the space L'"((0, T); L'"(0)) for aU 1 < ct < 1 + j^^, it 
follows that 

// |Vrfc(u„)-VTfc(?/)|>^Oasn^ 

To conclude the proof, it is sufBcient to show that / \\7Tk{un)\^ip — ?> as n ^> oo. 

J A 

Since Tk{un) Tk{u) strongly in L'^(P.t) for all cr > 1. then by Egorov's Lemma, for every 
e > 0, there exists a measurable set such that < e an Tk{un) — >■ Tfc(u) uniformly in Ht \ B^. 
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Then 

// |VTfe(w„)|^V = // NTk{u„)\'+ff |VTfe(w„)|«V 

JJ{Tk{u)=o} J J{Tk(u)=o}nBe J J {n(u)=o}nn\B^ 

= h+h 

Using the fact that {|VTfe(u„)|}„ is uniformly bounded in L'^, and choosing s < 1, we find that 

h < C\B,\^-\ 

By using the uniform convergence of Tk{un) in fix \ B^, we obtain 

(47) h<ff \VT,{u^)\H' < {M + f f / |vr.K)| y^ 

where a > 0. Since the estimate (42) holds, it is sufficient pick up s < 1 and a > such that 

{Tfc(«„)<M}nn\s, ^^1 + -)"^ 
Taking limits for M — ;> in (47) the result follows. ■ 

Remark 2.12. For the case where < m < ^ , the difficulty is to show the strong conver- 
gence of the sequence {u„}„ in L^{Q,t)- This can be proved by assuming additional hypotheses on 
the structure of the measure /i, see Section 4- Once proving this strong convergence, the result of the 
Theorem (2.11) holds with the same conclusions. 

3. The Porous Medium Equation with gradient term 

The main goal of this section is to prove existence of solution to Problem (1). We start by 
obtaining a priori estimates for the truncated problems, in order to be able to apply the results for 
an associated elliptic-parabolic problem. 

More precisely, the proof of existence follows the following steps. 

(1) We prove some a priori estimates that allow us to show that the right hand side of the 
truncated problems converge weak-* to a Radon measure. 

(2) We transform in a natural way the problem to an elliptic-parabolic problem. 

(3) By using the results of Theorem 2.11 and compactness arguments, we identify the measure 
limit as the second member of the Problem (1). 

We divide the section in two parts according to the values of m. 



3.1. The case 1 < rn < 2. More precisely, consider the problem 
(48) 



ut - Au™ = I Vu|« + f{x, t) in fix ^ fix (0, T), 

u(x, t) > in fiy, 

u{x,t) = on5r2x(0,T), 

u{x,0) — uo{x) if x £ f2, 

where m>l,g<2,r2c a bounded domain, / and uq nonnegative functions under suitable 
hypotheses given below. 



POROUS MEDIA EQUATION 



15 



We will use as starting point the results in [12] for bounded data, / G L°°(J7t) and uq £ L°°{^1). 
Since 1 < m < 2 and 1 < g < 2 we will be able to obtain a priori estimates in the framework of [23] 
and [20], where a priori estimates are obtained to analyze the behavior of viscosity supersolution, to 
the porous medium equation. See [20] and [23] for the details concerning to this framework. 

More precisely we have the next theorem. 

Theorem 3.1. Assume that 1 < m < 2 and q < 2, then 

(1) If q'{m - 1) > 2, uo e L^+^{9) and f E (0, T; i ""+2" (r2)) where 9 > 2 ~ m. Then 
problem (48) has a distributional solution. 

(2) Ifq'{m-1)<2 

(a) If q < m, problem (48) has a solution for all /, Uq as in the first case. 

(b) If rn < q < 2, then problem (48) has a solution if e""" G L^{il) for some a > and 
f e U{Q,T;L''{n)) where 1< r < oo,s > f and i + |^ = 1. 

Proof. Step 1. A priori estimates. 
We prove separately each case. 
(I), q'(m-l) >2 

Assume that g'(m— 1) > 2 and fixed 9 > 2— to, since to > 1, then q < 2. Let uo S L^+^(ri) and / G 

ii+;;7jv (0, T; i (ri)), then there exist sequences, {/«}„, {wonln such that /„ G L°°(Ot),uo„ G 

L°°{n), uon t "0 in L^+'m and /„ t / in L^+^ {Q,T; L^^& (n)). 

Define m„, to be the bounded solution of the approximated problem 



(49) 



u„t - div(TO(u„ + i)™"iVM„) = — — Y + inr^T, 

Un{x,t) = ondnx{0,T), 

Un{x,0) = UOn{x)) if X G 51. 



Notice that the existence and the boundedncss of u„ follow using the result of [12]. 
Taking (G'fe(u„))^ as a test function in (49), with 6* > 2 — to, it follows that 



1 



dt9 + l 

(50) 



iGk{un))''+'dx + m9 / ul'-\Gk{un)y-'\Vun\''dx < 



iGkMf\Vu„\'^dx+ / fniGkMfdx 



Using the Holder inequality, 

(51) J {Gk{ur^)f\Vun\'^dx < e J (G,(u„))"+'"'|Vu„|'da; + c(e) J {GkMf+'^dx. 
n n n 

Since q'{m - 1) > 2, then 9 + <9 + l. Thus 

( {Gk{u^))'>\Vun\Ux < e f{Gkiun)r-^'-^\'^Un\^dx + c{e) f {GkMf+'dx + CiQ) 
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We deal with the last term in (50). Using Holder, Young and Sobolev inequalities we reach that 

Af-2 /. mN + 2e 



a / / (m + e)]V \ IV / / (7Ti + e)JV \ ■ 

n 

7{Gk{u))'^\dx + C{e)(^ j f'S^dx)' 



S 



Choosing e small enough, it follows that 
d 1 



dte+lj (Gk{Un))'+'dx + C J iGkiUn)f+"'-^\yGkM\'dx < 

(52) r ^ r mN+2e 

c{e) {Gk{un)f+^dx + C{e)n f'^S^dx) +C{n). 



^TT^ / {Gk{un))'+'dx + c 1 1 {Gk{un)y+"'-^\VGk{u^)\^dx < 



Integrating in time and using Gronwall's lemma there results that 
1 

- jul+'dx+ r ( j f'-^dx)"^ + C{n,T) 



n 



(53) , , , 



Now, using Tk{un) as a test function in the problem of u„, we reach that 

QkMdx + m ff {u„ + -y^-^\VTkiu^)\^ 
JJnT " 



n 



(54) < // Tk{Un)\VUn\''dxdt + k f 



< Tk{u.a)\Vu„\'^dxdt + k \Vun\'^dxdt + k 

JJ{u„<a} JJ{u„>cr} 

where 8fc(s) = / rfc(a)(icr. From (53) we obtain that // \'\/u„\'^dxdt < C {a, f), thus 

Jo J J {un>a} 

Qk{un)dx + mff (Tfc(u„))™-i|VTfe(7i„)|2 < jj mu„)\Vu„\''dxdt + G{k,aJ). 

JJUt J J {u„<<y} 



Notice that, choosing a << k small, we get the existence of C(fc) >> 1 such that T™ ^(s) > 
C{k)Tk{s), < s < (T, hence, using Young's inequality (if q < 2), there results that 

ek{un)dx + c ff rf-^(7/„)|VTfc(u„)p < G{n,T,k). 



(55) / ^k[Un)ax + c 1 1^ 



Therefore, combining (53) and (55) we conclude that 

(1) {<+^}„ is bounded in L^{0,T]L^{n)). 

(2) {{Gk{u))n' }n is bounded in L2(o,r;Wo' (17)) and then using Poincare inequality, it follows 
that is bounded in L^{nT). 
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We claim that {\VTk{un)\}n is bounded in L^(fiT) if m < 2, while, {| Vrfc(it„)|}„ is bounded in 
L^(51t, if m = 2 where 5{x) = dist(a;, dil). 

If m < 2, then using Wn = e-^i^-™) "* _ g„(2-n.)(^) " as a test function in (49), then 

we get 

where L„(s) = y (^e-f^--) - e-c^-") '"''""'^ds. Notice that L„(s) < C(fc)s 

Thus choosing c >> 1 and using estimate (53) on Gk{un) there results that 



(56) // \Vn{un)\''dxdt<C{k). 

Therefore the claim follows in this case. 

Assume that m = 2 and consider g, defined in (20). Fixed < a < 1, to be chosen later, using 

T— as a test function in (49), we get 

■ / (-„ + 9dx +^ ff ({Un + -f-- - (-)^-") = 

J n 2- a JJ^. \ n n / 



1 - a 



Vlt„|2 ^ ff g IVUnl" 



' {uQn + -) gdx. 



Choosing a such that 1 — < a < 1, then from (53), it follows that the first term in the above identity 
is uniformly bounded in n. Thus 

a T—g < C 

J Jar (Un + ^)" 

and then 

|VTfe(u„)|2^,<C(fc). 

Ut 

Since (j) ±2 S{x), the claim follows in this case. 

Combining the result of the claim and estimates (53) and (55), we get easily that 

(1) {\Vun\''}„ is bounded in L'^inr) if m < 2, 

(2) {|Vu„|4" is bounded in Ll^^i^r) if m = 2. 

Notice that in booth cases we can prove that {u^"*'™~^|Vu„|^}„ is bounded in L^(^t)- 

(II) g'(m — 1) < 2 and q < m. We deal now with the case 2) — a). Assume that q'{m — 1) < 2 
and q < m, then the result follows using the same kind of computations as in the first case, the main 
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difficulty is to estimate tlie second term in (51) where we use Poincare inequality. This is possible 
using the fact that 6 + ^^^3™-* < m + 9. 

Since 9 + li^^ < m + 6*, then using Holder and Poincare inequalities there result that 

z q 

(GkMf+'^dx < e JiGkMr+'dx + CieM) 



n 



Choosing e small enough and going back to estimate (53), it follows that 



1 



(57) (GkMr+Ux + c iGk(,Un)r+"'-'\VGk{unrdx<G{uoJ,T,n) 



n 



(III) q'{m - 1) < 2 and m < q. 

Consider now the case where q'{m — 1) < 2 and m < q. The existence result in this case follows 
using the same arguments as in [17], for the readers convenience we include here some details. 

Using e"('j'fc("")) — 1^ with a > 0, as a test function in the approximated problem for u„. and 



calling Hkis) = [ (e"^^''^'^)) - l)da, we reach that 
Jo 



dt 

(58) 



4 / HkMdx + ma I u™-ie"('=-(""»|VGfc(^/„)|'dx- 



J (e"(G.(«.)) _ i)|Vu„|''dx + J /„(e"(^^(""» - l)dx. 



n 

Without loss of generality we can assume that fc > 1 
a) If g = 2. choosing ma > 1, it follows that 
d 
di 



b) If g < 2 by using Young inequality we obtain that 

(ga(G.(«„)) _ i)|vw„|«da; <e f e"^^''^""" | Vu„pdx + C{e) I (e"(^'=(""» - l)d2 



Hence 



4 / Hk{u„)dx + ma I (u^-' - e)e''^^'^''-^^^Un\^dx + I {VGkMfdx < 



dt 

C(e) / (e"(^''(""» - l)dx+ I /„(e"(^''(""» - l)dx 



(59) 



(61) 
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Fixed fc > 2, then integrating in [0,t] and taking the maximum on r it follows that 
sup [ Hk{u,-,{x,T))dx + C [[ ?/;^-ie"(«'=(""»|V«„p < 

Hkiuon{x))dx + C ff (e"(«^(""» -^) + II /«(e"(^'=(""» - 1) if g < 2. 
J JriT J Jut 



As a consequence we find that 
(60) // \VGkUn\^<C. 

Moreover, 



sup I HkMx,T))dx + C II <'-ie"(^''(""»|V«„|2 < 
Te[o,T]J J JCtT 

Hk{uon{x))dx +11 /„(e"(«'=(""» - 1) if g - 2. 



Let us analyze the term // /„(e"(^''("")) - 1). 

J Jut 

y^(ga(G.(«„)) _ 1) < ff /(ef (G.(«„)) _ 1)2 _^ 

< ll/lk.|l(e^('^''^""»-l)ll?',.'+C. 

For simplicity of notation we set w„ = e'^'^'^'^^"")) — 1. Using the Gagliardo Nirenberg inequal- 
ities there results that 



Hence using Young's inequality we reach 
// /„(e"(«'=(""» - l)dx < C{e)\\f\Cll |Vm„p+e(sup lwldx)+C. 

J JUt J JUt rG[0,T]J ^ 

Notice that Hk{un) > ciw^^ — 02, then choosing e small it follows that 

sup / Hk{un{x,T))dx + c{ma — e) // u™^^|Vw„|^dx < 
re[0,T]J JJut 

C{s)\\m[JI \yw^\' + C{T). 

J JUt 

If I I/I Irs is sufficiently small we get 

sup j Hk{un{x,T))dx + c{ma- e) j j <""^|V-u;„p < C. 
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If not, then we can choose ti < T such that is sufficiently smaU, then 



sup / Hk{un{x,T))dx + c{ma — e) I / it™ ^\\7wn\'^dx < C. 

T<£[0,ti]J Jo J 

Then the general result follows by iteration. Hence we conclude that 

HkMx, T))dx + c [[ u™-ie"(G-(«")) < Cin, T). 



sup 

-!-e[o,T] 

Now, taking Tf^{un) and using the previous estimate, it follows that 



f62) Qk{un)dx + c r^-\un)\VTk{un)Y <k f + Cin,T,k). 

n 

Thus there results that |Vu„|'' + /„ is bounded in L^{ilT)- 
Step 2. Passage to the limit. 

To obtain the existence of solution we need to prove that 

(63) , 1 I, + fn ^ |Vur + / strongly in LL(f^T). 

Claim.- The following inequality holds, 

I{u„<M} (i + i|V7.„|)?K + i)^^ - ^ 

for all s < 1, where g is the solution of (20). 

To prove the claim, consider ^— , with s < 1, as a test function in (49). Therefore 

(un + -y 



and then 



Since s < 1 we obtain 



and the claim follows. 

By using the a priori estimates of the first step, there results that 

" /„ = /i„ is bounded in _L^(f2T)(Rcsp. in L]^^{VLt)) if to < 2( Resp. if m 



1+ i|Vw„|9 
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Define now 

n n 

then Vn solves the problem, 

Vn{x,t) = 0, {x,t) ednx {0,T), 

Vn{x,0) = (/7~^(T„(uo(a;))), xeil, 

where b{s) ~ {s + (-)'") ™ ~ - satisfies the hypotheses (B). 
Thus by Propositions 2.6 and 2.8, we have that 

1 

(67) Vvn "> Vw strongly in L'^{Qt) for aU 1 < ct < 1 



1 + Nm 

To conclude we only need to prove (63). 

The case g = 2 is treated in [17] by using some kind of exponential change of variables. We deal 
with the case q < 2. 

Since {|VTfe(u„)|}„ is bounded in L'^{^1t) and, by Theorem 2.11, Vu„ — > Vu a.e. in fix, then 

VTfe(u„) ^ VTfe(u„) strongly in L«(17t). 
We will use Vitali's lemma. Consider E C fir, a measurable set, then we write, 

// |Vw„|«d.Tdt = // \VTk{un)\''dxdt+ i i \Vun\'^dxdt. 

JJe J JEn{u„<k} JJEn{u„>k} 

By using the strong convergence of the truncations, we have 

JJ \S7TkU„\'^dxdt ^ jj \VTku\'^dxdt. 
We deal with the last term in the right hand side. By (53), (57) and (60) we have in all the cases, 

|Vu„|2 < C. 



'{«„>fc} 
Then 

|Vii„|«dxdt < c( [[ |Vii„|2) ' \{un > k}\i < C\{un > k}\^ 

lEn{u„>k} ^JJ{ur,>k} ' 

It is clear that |{w„ > fc}| — > as fc ^ cxd uniformly in n. Hence the result follows using Vitali's 
lemma. 

If m = 2, then we can repeat the same arguments above to handle the term |Vw„|'??/', for 
Therefore in both cases we reach 

|VU„|9 



l + i|Vw„|9 

and the existence result follows. ■ 



|Vm|« strongly in L\^,{^t) 



Remark 3.2. Notice that 1 + 6, 1 + ZVl^w ^ ^ as ^ 0. Then fixed q < 2, for all £ > 0, 

there exists 1 < m(e) < 2 such that if m > m{e), then problem (48) has a nonnegative solution for all 
uq E L^'^^ifl) and f € L^'^^ (flT) ■ This motivate the existence result studied in the next subsection. 
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3.2. The case m > 2: data. 

In the elliptic case if q{^ — l) < —1, then existence result holds for all data, without restriction 
on its size, see [2]. 

The goal of this subsection is to consider the case m > 2, that implies the above condition. In 
particular, we can also see the next result as a slight improvement of the result obtained in the elliptic 
case. 

By using suitable a priori estimates, as in the elliptic case, we will prove that problem (48) has a 
distributional solution for all / e L^{ilT) and uq £ L^{il). The main existence result is the following. 

Theorem 3.3. Let f,UQ be such that f G L^{flT) anduQ G L^(f2). Assume 1 <q <2 andm > 2, then 
problem (48) has a distributional solution u such that jVu™! G -^foc(^T) fof all 1 < a < 1 -\- ■ 

Proof. We will consider separately the cases q < 2 and q = 2. 

Let begin by the case q < 2. Define w„ to be a solution to the approximated problem 

ti„t-div(m(u„ + i)™-iVw„) = ^ ' , +T„(/) innr, 

u„ix,t) = ondnx{0,T), 

Un{x,0) = Tn{uo{x)) if .T G fi. 



Using e *™ 2)(u„+^)m where g is defined in (20), as a test function in (68), it follows that 



Dniun)gdx + c e iVunPedxdt +/ / Kn{un)dxdt< 



DniuM)Qdx+ // e <'"-^'<"" + t)"- |Vu„|Vda;dt+ // e ^'--'^(-" + i:^"'-QTn{f)dxdt 

withAi(s)= / e and Kn{s) = / m{s + -)"'''^e <"-='(*+^''""' 

^ Jo n 

Since e (n-^js^-^ ^ ^^j. § > q, then cis — C2 < Dn{s) < s and /v„(s) > cis™ — C2. Hence 

using Young's inequality. 



Dn{un)gdx + c 1 1 e <"'-"<""+^''" ^ iVunl"^ gdxdt + j j Kn{un)dxdt < 



Unogdx + e // e <"-"'<""+^''""' |Vu„|^eda;dtH 



'fir JJJIt 



Choosing e small il follows that 



Dn{Un)gdx + C / / e ('"-2)(„„ + i)— \\/u„ \^gdxdt + / / Kn{Un)dxdt < C. 



ill 



As a consequence, {u„}„ is bounded in L°°{0, T; Lj^^{il)), {u™}„ is bounded in L^{ilT) and {Gfc(u„)}„ 
is bounded in L'^{0, T; Wl;^{n)). 



POROUS MEDIA EQUATION 



23 



Using Tk{un)Q as a test function in (68) we reach that the sequence {Afe(u„)}„ is bounded in 

the space L2(o,r;VF/„^^(r2)) where Afe(s) / {Tk{(T))'^ da . 

Jo 

In the same way we get easily that 

Fixed s < minjl, m — 2}, and using ^ -. ^ as a test function in (68) we reach that 

+ 

(70) ff (un + -^'-^-"'iVuJ^gdxdt + [[ ^''^^\^ dxdt < C for ah n 
and 

(71) // ( )— A_<Cforalln. 

Thus {u'^-'^--'\Vun\^}n is bounded in Ll^i^). 

Notice that, if 2 < m < 3, then there results that 



// |VTfc(w„)|2^,<Cforalln. 



We claim that Gfc(w„) Gfc(u) strongly in L^{0,T; Wl;^{n)) for ah a< 2 and for all fc> 0. 

By Theorem 2.11, we have that Vu„ — Vu a.e in fl^ in particular, VG'fc(u„) — \7Gk{u) a.e in 
rij-. Hence to get the desired result we use Vitali's Lemma. Let M > k and S C^{ilT), then for a 
measurable set C fir we have 

|VGfc(u„)|"V = 

\VGk{u„)\^i^+ ff |VGfe(u„)rV' = 

£;n{ti„<j\f} JJEn{u„>M} 



VGfc(w„)|>+ // |VGfe(7/„)rV- 
£;n{fc<ti„<A/} J J En{u„>M} 

Since 

(72) T,.«) ^ rfc(u™) strongly in 2.2(0, T; l^;i;"(r!)) for all a < 2, 

then 

VGfc(u„)|"V< 5 if l^l<'^e. 

£;n{fc<ti„<M} 

We deal now with the second term. Using (70) we have 

G 



En{u„>M 



|Vw„r^dx <C( ff <-2-.|y^^|a^-(m-2-s)^^^^A < 

} ^JJ{u„>M} ' ' 

where s > is chosen such that < s < m — 2. Thus choosing M large we reach that 

\VuX^dx < ^. 

En{u„>M} ^ 
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Therefore the strong convergence of {VGk{un)}n follows and the clanTi is proved. 

As in the previous subsection, to get the existence result we just have to prove that 

(73) 'i"' |„ ^ |Vu|' strongly in LL(f^T). 

From Theorem 2.11 and by the above estimate we reach ^—^ —ib |Vu|'''0 a.e. in fix- 



Using (71), we can prove that 
(74) limsup / / 



Tpdx = uniformly in n. 



M-s-0 7J{u,.<A/} 1 + -IVUnl? 

Using the result of the last claim and from (72) wc obtain that 

, JT""'' I, ^ |Vu|' strongly in hl^i^r f^{u> 0}). 

If \{u = 0}| = 0, then (73) follows. Assume that \{u = 0}| > 0, since IV-u]'? G L]^^{nT), then we 
conclude that |Vu|'' = on the set {u = 0}. Hence to finish the proof we have just to prove that 



1 + rlVw,,!? 



strongly in Lj^^i^T H {u = 0}). 



This follows using (74) and Egorov's theorem. Thus the existence result follows in this case. 

We deal now with the case q — 2. From the result of [19], there exists a bounded solution u„ to 
the problem 

r u„t - div(m(w„ + i)™-iVu„) = |Vii„|2+T„(/) in rtT, 

(75) < u„{x,t) = ondnx{0,T), 
[ u„(x, 0) = Tn{uQ{x)) if x e fi. 

Using the same argument as in the case q < 2, we find the same estimates for the sequence {u„}„, 
moveover, for all ip G Cg^{ilT), "0^0, 

(76) [[ |Vu„|V < C* for aU n 
and 

(77) // i^<Cforann. 

By using Theorem 2.11, Vu„ — > Vu e.a in VLt and then, as above, 

(78) Tfe«) ^ Tfc(u") strongly in L\Q, T; W^/„'"(f^)) for aU a < 2. 
Now from (76), we conclude that 

Un -> u Strongly in L'^{0, T; Wl^"{Q)) for aU a < 2. 

Define Wn = T2k{un - Th{un) + Tkiun) - {Tk{u))u)j^ where {Tk{u))y is defined as in (27) and 7(5) = 
(s + i)2-™_ Let /i > 2fc > to be chosen later. It is clear that Vw„ = for u„ > M = ik + h. 



m(2— mj 
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Using Wnc'^^'^^'^ip as a test function in (75), it follows that 
Jo J JUt " 

+m[[ e^^^"Hun + -r-^Wr,VTM{un)V^< [[ T„(/)e^(«")u-„V 

It is clear that 



and 



I // eT("")K + -)™-i«;„VTmK)VV'| < uj{n,v). 

It is well known that 

i-T 

Jo 

see, for instance, [17]. 

Let analyze the term m / / e'^^'^"\un + -)™"^ VrA/(it„)Vu;„'(/'- 



Or 



n 



[ [ e''^^"Hun + -)™-^VTmK)V«;„V 



{u„<k} n J{ii„>k} n 



> ff e^("")K + -)™-iVTfeK)V(TfeK)-(Tfe(w)).)+V' 

e7(«.)(^„ + ir-i|VTMK)||V(T,(u)),|V;. 
'{«„>fc} ^ 

Define 

e''('')(s + if s < fc, 
" if s > fc. 



r„(s) 

then 



e 



n 

r„{Un)VTkiUn)V{Tk{Un) - (Tfe(u)),) + ^ 



On the other hand, for AI fixed. 



{«„>fc} 



26 



B. ABDELLAOUI, I. PERAL, M. WALIAS 



r„K)|v(rfcK) - (r, («)),)+ < // e^^"")K + i)'"-ivTMK)v«;„v+ 



Hence 



e^("")K + -r"'|VTMK)||v(rfcH),v + c^Ki'). 

{ti„>fc} 

Thus 

r„(M„)|V(Tfc(ti„) - (Tfc(u))iy)+|^?/' < a;(n, i^). 
In the same way we reach that 



Since r„(s) > Ci if s > C2 > 0, uniformly in n, then 

(79) |Vw„|x{ci<u,.<c2} ^ |Vu|x{ci<u<c2} strongly in LL(^t)- 
Wc claim that 

(80) |VGfcK)l ^ |VGfe(u)| strongly in iL(^^T). 

Wc again use Vitali's lemma. Let ip G C^{ftT) be such that tp ^ 0- Consider E C fix, a measurable 
set and write, 

|VGfcK)|V = // NGk{un)\^^+ If |VGfe(u„)rV' 

J J En{u„<M} JJEn{ur,>M} 

2„/. I / / |V7^ m2 



|VGfeK)|>+ // |VGfeK)|>. 

_En{A;<M„<A/} JJ_En{M„>A/} 



From (79), given e > there exists 5 > such that 



limsup// |VGfc(u„)|"V< if 1^1 <'5. 



We deal now with the term /g^^^ |VGfc(w„)p^/'. 
Using (70), we get, for some a < m — 2, 



VGfc(w„)|^^= , iL-.-J V^nl>< 



Thus 

G 



limsup // |VGfe(w„)|"^ < ^ 



Letting A/ — > 00, we reach the claim. 

In the same way and by using estimates (77), we can prove that 

|V(Tfc(w„) - Tk(u))\''i' ^ as n ^ 00. 

/Or 

Thus 

|Vw„|^ ^ |Vu|2 strongly in Ll^i^r), 
and then the existence result follows. ■ 
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Remark 3.4. If m = q ~ 2 and f = 0, we can prove that the solution to problem (48) has the finite 



propagation property. This follows by setting w = | ( | 



(81) 



Wt 



A w3 
w{x, t) 

w{x, 0) 



2 / 4 

3 [ 5 



j "0(2^) 



U2 ^ then w solves 
in D,T , 

on an X (0,T), 
in n. 



If Uq G L°°(Cl) has a compact support, by using a convenient Barenblatt self-similar super- 
solution (see [25], for instance) we obtain the finite speed of propagation property. The inverse change 
of variable allow us to conclude the same result for problem 

ut — Au^ = |Vup in Qt , 
(82) { u{x,t) = ondnx{Q,T), 

u{x,Q) = uq{x) in n . 



4. The fast diffusion equation 

In this section wc consider the case < m < 1, usuaUy called fast diffusion equation in the 
literature. We will prove the following existence result. 



N_ 

2s 



Theorem 4.1. Assume that < m < 1, q < 2 and 

(1) f & UiO.T-L^VL)) where 1 < r < oo,s > f with i 

(2) e""o"" e L'^{n) where, 

(a) either a > Q is any positive constant if q < 2 

(b) or am{2 - m) > 2 if q = 2. 

Then problem (48) has a distributional solution 

Proof. Let {/«}«, {uo„}„ be sequences of bounded nonnegative functions such that uo„ t ^0 and 

fntf- 

Let Un be the bounded solution of 



(83) 



int ~ div(m(u„ + i)™ ^Vu„) = 



|Vu„| 



Un{x,t) = 

u„(a;, 0) = ucn{x)) 



+ /„ in 

on do. X (0,T), 
\ix £0., 



with data {fmUQn). Notice that the existence and the boundedness of u„ follow using the result of 
[12]. 

Taking e""" — 1, a > 0, as a test function in (83), we find that 



(84) 



d f 

- j H{u^)da 



x + ma(2-m) / e""" \Vurfdx < 



l)|Vu„|«da;+ / /„(e""."'" - l)da; 
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where H{s) = / (e°'"'"" - l)da. 

■^0 .... . 

Using Young inequality, integrating in [0, r] and taking the maximum on r 

sup H{un{x,T))dx + {am{2-m)-e) e""-"" | Vu„p < 

re[0,T]J J Jut 



and 



C / / (e""" - 1) + / / /„(e""" - l)dx + / H{uo{x))dx if q < 2 
sup H{un{x,T))dx + {am{2-m)-l) e""'"" | Vun^da; < 

r6[0,T]J JJut 

C [[ (e""""" - 1) + / ./"(e""""" - + /" H{uo{x))dx if g = 2. 



Let us analyze the last term in (84). 



< ll/lks||(et"""'"-l)ll^^..+C 



We set Wn = e 2 "i — 1 . then using the Gagliardo-Nircnberg inequality we obtain that 
\\wn\\l.,s' < C\\wn\\i^,(^ ^ [ |Vu;„|2)" < c( sup^^ ^ " ( ^ I 



Thus 



/^le"""" - < C(£)||/||;W \Vwn\^+e{svip wldx) + C. 

Or "'0 re[0,T]J ^ 

Using the fact that H{un) > civo^ — C2, then choosing e small it follows that 

sup / H{un{x^T))dx + c{am{2 — m) — e) II |Vti;„pda; < 

tG[0,T]7 JJOr 

c(e)||/||;.'. r / |Vi.„p + C(17,r). 



If ll/llr is is sufficiently small we get 



sup / H{un{x,T))dx + c{am{2 — m)e) ji |Vz«„| dx<C. 

If not, then we can choose ti < T such that ^ is sufficiently small, then 

sup / H {un{x , T))dx + c{am{2 — m) ~ e) / / \'Vwn\'^dx < C. 
re[o,ti] J Jo J 
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Then the general resuh follows by iteration. Hence we conclude that 

(85) sup lH{u„{x,T))dx + cll e°"'^""^\Vu„\'^dx <C{n,T). 

Therefore we conclude that |Vw„|'^ + /„ is bounded in L^(fij'). 

It is clear form the above estimate that {u„}„ is bounded in the spaces L^{0,T;Wq' (ft)) D 
i°°(0, T; L^in)) and {u„t}„ is bounded in the spaces L^{0, T; W~^'^{n))+L^{nT). Then, there exists a 
measurable function w G L^(0, T; VFq '^(fi)) fl i°°(0, T; such that, up to a subsequence, w„ — > w 

strongly in C{0,T; L^{il)). Hence using by the result of Theorem 2.11 and Remark 2.12, we get 
S7un — >■ Vu a.e in fix- Thus if g < 2, then by the previous estimate we obtain that |Vw„|' — > |Vm|* 
strongly in L^{ilT) and then the result follows. 

ip 

We deal now with the case q ~ 2. Consider ijj G C^(57t), "0 0. By using j— j as a test 

[Un + -) 

function in (83), where 5 < m, there results that 



rr iVw P 

(86) / / , "' i' < C for all n and for aU n. 

JJut {un + ^)2+*-™ - 

Notice that from (86), it follows that 

(87) / / |Vit„p^/. < C{M + i)2+'5-™ uniformely in n, 
and 

|VTfe(u„)" 



-ip < C for all n. 



In^ {un + i)2+^~™ 
Let us prove now that 

(89) |Vrfe(u„)| ^ \S7Tkiu)\ strongly in ^^(f^T)- 

Let iy9 be a real difFerentiable function such that (f{0) — and {2k)™'~^ip' — \(p\>C>0. Consider 
Wn = e-'^(^''("")V(r„(w„) - (Tfe(w))^)+ where (Tfc(u))^ is defined as in (27) and 

m(2 — m) V n n 
Using u'„e'''^""'-0 as a test function in (83), it follows that 

{{u„)t,e-'^""'>wn^}dt + m If e''^"") (u„ + -)™-iVw„V«;„V 

Notice that 
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(see for instance [17]). Using the hypothesis on / and by (85) it follows that 



On the other hand, 



C([f e-(-'«;^|V^|¥. 



Notice that 



e7("„)y;2|y^|2 Q a.c. inl^T and e'^("")u;2|VV'P < Ce'^^""', 
therefore by the Sobolev inequality and the estimates (85) and (86), we reach that 



e 

Supp(i/;) 



Therefore we conclude that 



e^^""^"" + -)'"-iVu„Vu;„V < uj{n) + Lo{iy). 
Notice that, 

m[[ eT("")(u„ + -)'"-! Vu„V«;„V = 



m [[ e^((""))-7(T.(«.))(^^ + l)"-iV«„V(Tfe(^.„) - Tkiu))W {{Tkiun) - Tfe(w))+)V 
-m \\/Unfip{{Tk{un) -Tk{u))+)ij 

J J{u„<k} 

Let us analyze each term in the previous identity. 

MM)-^(niu^))^^^ + -)'"-iVii„V(r,(u„) - Tk{u))+ip'{{Tkiu^) ~ n{u))+)i^ = 
n 

("„ + -)""'|V(Tfc(u„) - {Tk{u)U+\W{Tk{u„) - Tk{u))+)ij 
{M„<fe} n 

+m 1 1 (w„ + i)'"-iV((Tfc(M)),))V(Tfe(u„) - {Tk(u)),)+^\{Tk{u^) - Tk{u))+)i; 

'{u„<k} n 

{un + -)'"-iV((Tfc(M)),))V(Tfc(u„) - {Tk{u)),)+^'{{Tk{u^) - Tk{u))+)i^ 
{u„>k} n 



ml e ' 
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It is clear that 

K + -)""'v((TfeH),))v(rfcK) - (rfc(7.)),)+(^'((TfeK) - n{u))+)ij\ < uj{n, v). 

{ii„>k} 

Now, 

K + -)"-'V((Tfe(u)),))V(TfcK) - {Tk{u)),)W{{Tk{un) - n{u))+)4, = 

{u„<A;} 

+ -)'"- V((TfcH),))V(TfeK) - {Tk{u)),)W miun) ~ Tk{u))+) 
n 

{u„<fc}n{Tfc(«„)>(Tfc(«))„} 

Since m < 1, by using the dominated convergence theorem and by estimate (88), 

+ ^)™~'|V((Tfe(ii)),))|x{T,(«„)>(T.H)„} ^ u"'-'\Vmu)\^b strongly in ^^(j]^) as n, ^ oo. 
Thus using a duality argument, we reach 

m [[ (u„ + -)"-^v((Tfc(7/)),))v(rfcK) - (rfeH),)+(^'((rfeK) - r,(ii))+)v; = i.). 

Jj{u„<k} n 

It is clear that 

|Vu„|V((rfeK) - Tk[u))+)ij > 

l{u„<k} 

|V(rfcK) - {Tk{u)),)+\^ip{{Tk{un) - Tk{u))+)^ + uj{n) + uj{i^). 

'{u„<k} 

Thus combining the above estimates, there results that 



({un + -)'"-V' - ^)lV(rfcK) - ((Tfe(u))„)+)p < Lo{n)+u:{,.) 
\ n 



'{u„<k} 

and by the properties of ip, 

[ [ \\/{Tk{un) - Tk{u))+)f^ ^ as n ^ oo. 

J JUt 

In a similar way, we obtain 

/ / |V(rfc(M„) - rfc(M))_)|V as n ^ oo. 

Hence 

|Vrfc(u„)| ^ |VTfe(w)| strongly in LL(^^t). 
Thus using estimate (86), (89) and Vitali's lemma, we can prove that 

|Vm„| |Vu| strongly in Lf^^iilr). 
and then the existence result follows. H 
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4.1. Finite time extinction. Assume that / = and q = 2, that is, we consider the problem 

( ut-Au'" = |Vu|2 inOr, 

(90) <^ u{x,t) = on9nx(0,r), 

[ u{x,0) = Uo{x) if X E ft, 

where < m < 1. 

We will prove that the regular solutions of (90) become zero in finite time, provided the initial 
datum uq E L^^^^ifl) for some Oq > 0. 

We begin by defining the meaning of regular solutions to (90). 

Definition 4.2. Let H{s) — / e™<2-") dt and define 

Jo 

(91) m = - f {H-\a))^-Ha, 



we say that u is a regular solution to problem (90) in VLt if 

V ^ H{u"^) E L\{0, T); W^'\n)) D C([0, ni'm, P{v)t E 1^(0, T); W-'^'m 
and for all <j) E L^{{0,T);Wo^{n)) we have 

(92) / {{f3{v))t,(l>)+ [ [ \/vV<j> = 0. 



Jo Jo Jfl 

It is clear that the existence of a regular solution follows using Theorem 4.1 for (7 = 2, / = and 
the regularity of uq. 

We are able now to state the next result. 

Theorem 4.3. Assume that < m < 1. If u is the regular solution of problem (90) in the sense of 
Definition 4-2, then there exists a positive, finite time to, depending on N , and uq such that u{x, t) = 
for t > to. 

Proof. To get the desired result we have just to show that v{x,t) = for t > to- It is clear that v 
solves 

{{P{v))^-Av = in r^x (G,T), 

v{x,t) = ondnx{0,T), 
v{x, 0) ~ vo{x) in n , 
with vo E L'^{fl). Using , where > to be chosen later, as a test function in (93), there result that 

d f , , , f i„ 9+1 

where 



(94) — / ^{v{x,t))dx + c{e) I \Vv—\dx^O, 



*(s) = / s^{H-\a))^-Ua. 
Jo 

Since ^ 

lim — — ^ = for all e > 
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it follows that 



l'(s) < c(£)/+i+^(™"i) for every s > 0. 
Fixed 9 such that 6 + 1 + e{-^^ — 1) = 1 + 6*0, then using Sobolev's and Holder's inequalities, 



\Vv^\^ dx > ci{N,e) 



2/2* 



{v<'+^^)dx 



l/a 



where 1 < a < ^ is chosen such that a[9 ^-1) = 6' + l + e(;i — 1). Hence it follows that 

-1 l/a 

'^{v{x,t))dx 



Define 



then 



m = / ■^{v{:x,t))dx, 



Note that by the assumption on vq we reach that ^(0) < oo. Integrating in t, one obtains 

a — 1 

Thus, as long as (,{t) > 0, one has 



Therefore, £^{t) = for t large enough. 
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